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Abstract. The cross sections for photo- and pion-induced production of baryon resonances and their partial 
decay widths to the two-body and multi-body final states are calculated in the framework of the operator 
expansion method. The approach is fully relativistic invariant, and it allows us to perform combined 
analyses of different reactions imposing directly the analyticity and unitarity constraints. All formulae are 
given explicitly in the form used by the Crystal Barrel collaboration in the partial wave analysis. 



1 Introduction 

, The detailed knowledge of the low-energy hadron masses 
and their decays is vital to construct and test QCD-inspired 
models for the nonperturbative regime. In recent years, 
appreciable progress has been achieved in meson spec- 
troscopy where a new information was mostly obtained 
from the analysis of reactions with three or more particles 
in the final state. A prime example is the rich spectrum 
\ of new resonances obtained in the pp annihilation at rest 
'. and in flight piMTIlTT| . 

' While in the meson sector the majority of states pre- 
. dieted by the quark models |12II13| has been observed as 
' well as some extra states with respect to the qq classifi- 
cation, the situation in the baryon sector is dramatically 
different. Here a number of quark models predicts 14, iS] 
much richer spectrum than that observed so far. In ad- 
dition, certain models predict the existence of states which 
are - from the quark model point of view - exotic, like pen- 
taquarks ^Jji heptaquarks ^HI, or nucleon-meson bound 
states ■ The lack of the predicted states can be an in- 
dication of new phenomena such as formation of diquark 
states |2()II21II22| or specific interaction of colour particles 
at large distances |21lf2 3 that lead to linear trajectories on 
(n, M^) (where n is the number of a radial excitation) and 
{J,M^) planes. However, the explanation could be much 
simpler: the modern knowledge of the baryon spectrum is 
based mostly on the analysis of pion-induced reactions on 
the single meson production (mostly data obtained from 
the elastic pion-nucleon scattering) and it is quite possible 
that many states with weak coupling to the nN channel 
escaped the detection. 

Recently, a number of experiments on baryon spec- 
troscopy has been initiated in several laboratories. A large 
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amount of new data is coming from photoproduction ex- 
periments such as CLAS, CB-ELSA, GRAAL, Mainz- 
TAPS, LEPS (see e.g. 02306,27,28,29,30,31,3131311 
I3S] ). The analysis of the new photoproduction data and 
especially the data obtained from reactions with multipar- 
ticle final states is therefore one of the most urgent tasks 
in baryon spectroscopy. 

The meson spectroscopy teaches us that the analysis 
of reactions with multiparticle final states cannot be done 
unambiguously without information about reactions with 
the two-body final states. The best way to impose such 
information is to perform a combined analysis of the set 
of reactions. This issue is even more important in baryon 
spectroscopy where often the polarization of initial or/and 
final particles is not detected. Here, even in the analysis 
of the two-body final states the combined analysis of the 
data from different channels plays a vital role. Thus, the 
development of a method which describes different reac- 
tions on the same basis is a key point in the search for 
new baryon states. 

The method based on relativistic invariant operators 
which are constructed directly from the 4-vectors of the 
particles was put forward in a set of articles (see p?Bj and 
reference therein) . In the article [351 ; the operators for the 
photoproduction and pion-induced reactions were intro- 
duced and the amplitude angular dependences were cal- 
culated. The analysis of a large number of single meson 
photoproduction reactions performed in the framework of 
this method , .37-38) reveals a number of new baryon states. 
Here, the resonances were parameterized as T-matrix poles 
with mass, width and the product of initial and final cou- 
plings as fitted parameters. However, such an observa- 
tion should be confirmed by the combined analysis of the 
photoproduction and pion-induced reaction, with two and 
many particle final states. In this case, the couplings of the 
baryon resonances to different channels can be unambigu- 
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ously defined, partial widths calculated and checked for 
consistency. 

In this article, we develop the approach of |36| provid- 
ing explicit expressions for the calculation of cross sections 
for different reactions and partial widths of the states. The 
obtained expressions can be directly used in the T- or K- 
matrix combined analysis of the photo and pion induced 
reactions. 

The article is organized as follows. In section 2, we 
provide general expressions for the calculation of cross sec- 
tions and resonance widths in the framework of the oper- 
ator approach. In section 3, we discuss resonance widths 
calculated with dispersion relations and give explicit ex- 
pressions for the resonances decaying into spinless parti- 
cles. The calculation of nN partial widths of baryon states 
is given in Section 4 and 7iV partial widths in Section 5. 
The three-particle partial widths and correspondent sin- 
gularities are discussed in Section 6. 



In the operator representation, the amplitude Adec has 
the form 



(5) 



where ^li}...fi^ is polarization tensor of the resonance (con- 
ventionally, we call it the polarization wave function), 
Qfii...fin is the operator of the transition of the resonance 
into final state, and g is the corresponding coupling con- 
stant. For example, if Q = Q™* and g = gout, eq. 
provides the partial width for the resonance decay into 
the final state and for Q = Q™ and g = gin the partial 
widths for its decay into the initial state. 

The tensor part of the propagator is determined by the 
polarization tensor as follows: 



2J+1 

^ Vl...Un / y =^/Jl...AI„=^l^l...l^„ 



(6) 



2 Cross section for transition amplitudes and 
the widths of resonances 

For the production of m particles with the 4-momenta qi 
from two particles colliding with 4-momenta ki and ^2, 
the cross section is given by 



da = J. d$rn{P, qi---qr, 



P=h+k2 , (1) 



where A is the transition amplitude, k is the 3-momentum 
of the initial particle calculated in the centre-of-mass sys- 
tem (c.m.s.) of the reaction, and s = = (fci -t-fc2)^. The 
cross section is calculated by averaging over polarizations 
of initial-state particles and summing over polarization of 
final-state particles. The invariant m-particle phase space 
is given by 



d<?,„(P, gi . . . q„^) = S\P - J2 li^Ii 



^(27r)32go,: 



(2) 



The amplitude for the transition from the initial state " m" 
to the final state " out" via a resonance with the total spin 
J, mass M and width Ftot has the form: 



A 



yi.n'^f_Li...fi„^ vi...u„ ^vi...v„yout 
M^-S- iMFtot 



(3) 



Here n — J for mesons, and n — J — 1/2 for baryons, g^ 
and gout are initial- and final-state couplings, Q*" and 
Qout operators which describe the production and de- 
cay processes and i^/f/;;^" is the tensor part of the reso- 
nance propagator. 

The standard formula for the decay of a resonance into 
m particles is given by 



Mr = 



qi - ■■ qrn ) 



(4) 



and, as in the case of the cross section, one has to sum 
over the polarizations of the final-state particles. 



where the summation is performed over all possible polar- 
izations of the resonance. We use the following normaliza- 
tion for the polarization tensor: 



(7) 



With this choice of the sign, the tensor part of the prop- 
agator differs from that introduced in 36^ by a factor 
(—1)". However, the present definition is more convenient 
to calculate the unitarity condition, and we keep it in fur- 
ther calculations. 

Multiplying the amplitude squared by ^a}...a„'^p^ p 
and summing over polarizations we obtain: 



d<P„i{P,qi ■ ..qm)g'^{s) X 



2,7+1 



Here, the expression Q^t^. 



assumes summa- 



tion over polarizations of the final particles. Due to or- 
thogonality of the polarization tensors, 



the product of the polarization tensors can be substituted 

by 



(10) 



Finally, we obtain 



(11) 



This is the basic equation for the calculation of partial 
widths of resonances. Another form of this equation can 
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be obtained after the convolution of both sides of equation 
Ullfl with the metric tensors ffai/Ji ■ • ■ 5q„/3„ and taking 
into account the properties © and ij?)): 

i2J+l)Mr = J^^d^^{P,qi...qrn)9^{s) X 

Omi...p„®Q.i.-.^;J::.;: ■ (12) 

Then the cross section for 2 — > to particle transition can 
be rewritten as 



4|k|yi 



d<^^{P,qi...q,n)g1nQZ-l^r. ^ 



(M2 - s)2 + {MrtotY ^0^-0r. 9out 

2|k|Vi (A/2 _ s)2 + (Mr,„,)2 



(13) 



The two-body phase space of particles with masses toi 
and TO2 is equal to 

(27r)4 , , , 

^-^d<?2(P,fci,fc2) =/5(s,mi,TO2)— , (14) 
where the invariant form of the p function is given by 



, - a/(s-(toi+TO2)^))(s-(toi-TO2)^) 

P{S, TOl, TO2) = — . (15) 

iDTTS 

This function can be also expressed through momentum 
of the particles in the c.m.s of the reaction: 



p(s,TOl,TO2) 



16n yfs 



(16) 



Then, we can use ea. (|12ll to calculate partial width for de- 
cays into the initial-state particles. If they have spins si 
and S2, the cross section is calculated by averaging over 
their polarizations. After the summation over spin vari- 
ables, one has for the partial width: 



2 J + 1 4^ M^r,„r,^t 

(2si-|-l)(2s2 + l) |k|2 (M2-s)2 + (Mr,„,)2 



(17) 



It is the standard equation for the contribution of a reso- 
nance with spin J to the cross section. 



3 The width of Breit-Wigner resonance 

3.1 Rescatering of particles and Breit-Wigner states 

The amplitude for the rescattering of two spinless parti- 
cles with total momentum P {s — P^) via scalar resonance 
with the bare mass Mq (Fig. ^ can be written as an infi- 
nite sum: 



A{s) = 



A/2 



(18) 



where the B{s) function corresponds to the loop in the 
intermediate state. It can be calculated, for example, in 
terms of the Feynman integral. However, for our purpose 
it is convenient to use the dispersion relation technique 
where the real part of the amplitude can be constructed 
as a dispersion integral over the imaginary part. The imag- 
inary part of the loop diagram is equal to 



A= 



Fig. 1. Resonance rescattering diagrams 



d$2{PMM) (19) 



where ki and nii are the momenta and masses of the parti- 
cles in the loop. Then, B{s) can be written as the integral 



B{s) 



ds' ImB{s') 



(20) 



(mi+m2)^ 



In the considered spinless particle case, the amplitude cor- 
responding to (fH^ can be easily calculated 



9\s) 1 



A/2 ~ s 1 _ M2 - s - B{s) 



(21) 



The real part of the B{s) function has left-hand singular- 
ities in the complex-s plane and is a smooth function in 
the physical region. Therefore in the resonance region 

ReB{s) ~ ReB{M^) + ReB'{M'^){s - M^) , (22) 

and the amplitude can be written as 



Ais) 



A/2 _ s - iMP ' 



(23) 



where 



M^^ Ml - ReB{M^) , 

MP= /mB(A/2)/(l + ReB'{M^)) , 

g\s)^g\s)/{l + ReB'{M')) (24) 

The first line of ea. H24|) defines the position of the reso- 
nance, the imaginary part of B(s) defines the width of the 
state. 
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Now consider the general case. The ampUtude which 
describes the scattering via a resonance with total spin J 
is given by 



ptll...Hr, 

A{s)=gin Q™^...^^ Ml '-s 



Qui..Mn 9out 



(25) 



Ml 



piJ.i...fi„ pi 







Here, Fl!'^'"l^^ is the tensor part of the propagator, Q™ , 
Qout g^j.g vertex operators for the initial and final states 
(n — J for boson and n ~ J— 1/2 for fermion resonances). 
We assume also that the vertex operators include the po- 
larization tensors of the initial and final particles. 

The imaginary part of the loop diagram for the inter- 
mediate state with m particles is given by 

ImB^^l J-= y"i^g2(s)d<?,„Q,,...,„(»Q5,...^„ , 

d$rn=d$rniP,h,...,k^). (26) 



where L is the orbital momentum. The second property 
means that the operators X are constructed from vectors 
and tensors orthogonal to the total momentum. In the case 
of the two-particle final state, only one vector of such a 
type can be constructed: 

1 P P 
^ ^g^Aki - k2)u , 9^u^9t^i^ ^> (30) 

where ki and fc2 are the momenta of the constituents. 
The orbital angular momentum operators for L < 3 

are: 



Xio) 



1 

3 
2 
5 
2 

kl ± i_ _L i_ ± ± 1 



i,-L l,^ l,^ 



Here, g{s) and Q are the coupling and vertex operator, 
respectively, for the decay of a resonance into the inter- 
mediate state. As before, the definition Qi,i...u^(!^Q^i...^„ 
assumes summation over polarizations of the intermediate 
particles. In the pure elastic case, the intermediate state 
operator is equal to Q = — Q""* but generally, the 
i3-function is equal to the sum of loop diagrams over all 
possible decay modes. 

Let us define the i3(s)-function as follows: 

g'{s)d^,n Qu,...u„®Q^^...uFI\-:X (27) 



Using this equation, one can convolute all tensor factors 
into one structure, so one obtains: 



p/ii.../j„ 

V\...Vn, r\OUt 



B{s) B{s) B{s) 



9r' 



- s Aq - s 



'Ml. -P. M^-s-B{s) 



rj:' 9out . (28) 



As before, the imaginary part of the B-function defines 
the width of the state, and we obtain the standard Breit- 
Wigner expression. 



The operators xl^\.^^ for L > 1 can be written in the 
form of the recurrency expression: 



X 



Ml •••/J I, 

ya 

^ fll...piL 

L 



'«a^Ml---Ml, 



2L- 1 



2L 



I i'MtMj ^"^Ml-.-Mi-lMi+l- 



■Mj-lMj + l---Ml." 



i.i = l 



(32) 



Other useful properties of the orbital momentum opera- 
tors are listed in Appendix. 

The projection operator O'^^ ' j^^ is constructed from 
the metric tensors and has the following properties: 



(QMl - Ml- Qai...aL _ /QMl -Mt 



(33) 



The projection operator projects any tensor with n in- 
dices onto tensors which satisfy the properties H29|) . For 
the lowest states, 



= 1 0>:; = gl, 



/QM1M2 _ _ 

^11^2 2 



9 fj,il/i9 fj,2iy2 ^ 9 f_iiV29 ^2^1 2^9 ^j.HJ.29l/ilJ2 



(34) 



3.2 Decay of the resonance into two spinless particles 



For higher states, the operator can be calculated using the 
recurrent expression: 



For the rescattering of two spinless particles the vertex is 
defined by the orbital momentum operators only. These 
operators satisfy the symmetry, orthogonality and trace- 
less properties (see [32] for more detail): 



X^^'^ = X^ 

Ml---Mi---M3---Ml. Ml-'-Mj- 



P X^^'^ 
^^J■^^^ll...^l^...^^L 

a a:(^) 



= 0. 



0, 



(29) 



/OMl-Mi 

^Ul...UL 



1 / ^ 

p2 \ y^ii^j ''i - i'j-ii'j+i-- 



■M-L 



(2L- l)(2L-3) 



2J = 1 

X 



E 

k<m 



(35) 
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The tensor part of the boson propagator is defined by the 
projection operator. Let us write it as 



pfll..4lL _ /_T\L f^fll...flL 
^ WI...VL V ^Wi...VL 



(36) 



This definition differs from the expression given in PE] by 
the factor (—1)^. This choice simphfies the expressions for 
amphtudes given in 36 where this factor was exphcitly 
included in all final expressions. Furthermore, this defini- 
tion guarantees that the width of the resonance (when it 
is calculated from the vertices) is a positive value. 

The production of the two X-operators integrated over 
solid angle (which is equivalent to the integration over in- 
ternal momenta) depends on external momenta and the 
metric tensor only. Therefore, it must be proportional 
to the projection operator. After straightforward calcu- 
lations, we obtain: 



In the c.m.s. of the resonance, z is the cosine of the angle 
between the momenta of initial-state and final-state par- 
ticles. To obtain ea. (|^ . we used the following property 
of the X-operators: 

4i.U.(fc^)4i.^..pj9^)="^(v^v^)^^i(^) • (44) 

The total cross section for the clastic scattering is equal 
to: 



(45) 



4|k|Vi J (Af2 - s)2 + [Mry 

Ait , , (MTf 

|k|2^ ' {A-p-sY+{MrY ■ 



2L- 



2 "^fl-.-l/t I 



where 



n 



21 - 1 



I 



(37) 



(38) 



The width of the state is calculated by means of ea. (|ll|l 
using the properties (|33|l : 



Mr={-iy 



2L + 1 



kj_ p{s, mm2) , 



(39) 



where p(s,mi,m2) is defined by eas. H14ll5|) and g{s) is 
the coupling. 

Let us introduce the positive value |kp: 



[s~(mi + m2)^][s-(mi-m2)^ 
As 



(40) 



In the c.m.s. of the reaction, k corresponds to the momen- 
tum of the particle. In other systems we use this definition 
only in the sense of |k| = ^ —k\, and therefore it is rela- 
tivistic invariant positive value. Then we obtain 



2i + 1 



|k| p{s,mi,m2) 



(41) 



as the width of a state. The amplitude for the rescattering 
of constituents with the initial relative momentum k and 
final relative momentum q is equal to 



, aLPL(^)(|k||q|)^ 



AP ~ s- iMT 
Here Pl{z) are Legendre polynomials and z is equal to 



(42) 



(43) 



4 Partial widths of the baryon resonances 

4.1 The structure of the fermion propagator 

The structure of the fermion propagator V^l 'l''^ was con- 
sidered in details in The propagator is defined as 



-p/il...^I„_ 

' '"^■■■"'^ KP-s-iMT 



(46) 



where 



Here, (^/s + P) corresponds to the numerator of fermion 
propagator describing the particle with J — 1/2 and n — 
J— 1/2 {y/s = M for the stable particle). We define 



i—2 



(48) 



As in we introduced the factor 1/(2-^3) in the prop- 
agator which removes the divergency of this function at 
large energies. For the stable particle it means that bispinors 
are normalized as follows: 

u(fcAr)u(fcAr) = l , ^ ^(fcAf )M(fcjv ) = "^J^^^^ .(49) 



polarizations 



2m 



Here and below, k = j^k^. 

It is useful to list the properties of the fermion propa- 
gator: 

p pAii - Ai,, _ p ptJi---tJn — n 

Mi !^l...!^„ ~ ^ Vj^ Ui--.Vn ~ " ' 

^ — ptJi---tJn^ _ n 

P/ii.../i„ pai...Q„ _ (_T\nptn---tJ-n 

ai---Otji Ui---Un \ J Ui---Un 5 

PFtt---l': = V~sF!/^\-:-t"- (50) 
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4.2 TvN partial widths of baryon resonances 

The operators which describe the decay of a baryon into 
the ttN system were introduced in The states with 
J = L+1/2, where L is the orbital momentum of the ttN 
system, are called '+' states (1/2", 3/2+, 5/2",. . . ). The 
states with J = L— 1/2 are called '-' states (1/2+, 3/2~, 
5/2+,. . . ). The correspondent vertices are {n — J— 1/2): 

^Mi...MJfc^)"(fcA') = *757.^i';+.l,(fc^)"(fcA') ■ (51) 

Here, u{kpf) is the bispinor of the final-state nucleon. 

The width is defined by the equation (|ll|l which for 
the case of ttN scattering has the form 

/V± X 



2mN 



K-pA^' ^-^^n)9\s)FPI:±. (52) 



Here, we use N to define the vertex which is different from 
N by the order of gamma matrices. 

The momentum of the nucleon can be decomposed in 
the total momentum P and momentum as: 



s + mj^ - to; 



2^s 



where 



_ 1 
> - 2' 



2s 



P„ 



(53) 



(54) 



For '+' states the calculation can be easily performed 
using ea. (|37|l . the last property from eqs. H5()|l and the 
condition that integral over the odd number of fc^ vectors 
vanishes. Then, 

A/r7jy= ^ |k| — — p{s,m^,mN)g (s) . (55) 



2n+ 1' 



2mN 



For the '-' states the calculations are more complicated. 
Using the formulae given in Appendix, one obtains finally 



71+1 2m AT 



p{s,m^,mN)g^{s) .(56) 



The definition of the propagator in the form H47() pro- 
vides a positive magnitude of the resonance widths and 
correct position of the poles of the scattering amplitude. 
Let us write with this definition the expression for the 
scattering amplitude. The partial amplitude for the vrA^ 
scattering from the initial state with relative momentum 
k-^ into the final state with momentum is defined by: 

A^N=Y,A+BW+{s) + A-BW-{s) , 



^(fci)^^,...^„(fc^)^.?.::.'::<....„(9^)"(9i) • (57) 



Here, BW,f{s) is the energy-dependent part of the ampli- 
tude. 

In the c.m.s. of the reaction (see for more detail), 
this amplitude can be rewritten as 

A^N = tj* [G{s, t) + H{s, t)i{crn)] J , 
G(s,t) = [{L + l)Fi{s) - LFZ{s)\Pl{z) , 



iI(s,i)=^[F+(s)-t-^^^-(s)]Pl^(z) 



(58) 



where lj and oj' are nonrelativistic spinors and n is a unit 
vector normal to the decay plane. The i^-functions are 
defined as follows: 

Ft = (|k||q|)^VxIx7 ^i^WUs) , 
FZ = {\MHfVX0Cj^BW^{s), 



Xi = rriN + k 



NO 



Xf = rriN + qNO , (59) 



where L — n stands for states and L — n + 1 for '- 
states. 



5 The widths and helicity amplitudes 

The decay of the state with J = n + 1/2 into 77V is de- 
scribed by the amplitude: 

'^a,...a„V^S„(fc^)u(fc^)e^ , 

where fcAr is the momentum of the nucleon and fc^ is the 
component of the relative momentum between nucleon 
and photon which is orthogonal to the total momentum 
of the system P (s = P^): 



1 



P P 



ikp = -ki = 



(s - niNf 
4s 



(60) 



5.1 The '+' states 

For the states with n > 1, three vertices can be con- 
structed of the spin and orbital momentum operators. For 
states the vertices are: 

<'+.l"„(fc^)=7,^*75^i^...„(fc^), 
^i?+.l^„(fc^) = 7.*754"ifL„(fc^) , 
^i?+.l"„(fc^) = 7.*75^i^,...„„_,(fc^)5;l-.„ . (61) 

The first vertex is constructed using the spin 1/2 operator 
and L — n orbital momentum operator, the second one 
has 5 — 3/2, L = n + 2 and the third one S — 3/2 and 
L = n. In case of photoproduction, the second vertex is 
reduced to the third one and only two amplitudes (one for 
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J ~ 1/2) are independent. The width factor Vl^(*'^+)for 
the transition between vertices is expressed as follows: 

t>(*+)m /■^-L^ y 



where p(s) = p(s,tojv,to^), (— g^J:^) describes the struc- 
ture of the photon propagator: 



p2 



(63) 



and the operator V differs from the operator V by the 
ordering of 7-matrices. The width factors for the 

first and third vertices are equal to: 



|j^|2n"^A' + ^A'0 



2n+ 1 2mN 

a„(n + 1) |^^|2n "^jV + fcAfO 

(2n + l)n 2mN 



W. 



3,3 



= -^|kp»!!^^±^p(.) , (64) 



2n + 1' 



2mN 



where a„ is defined by 

If a state with total spin J = ri + 1/2 decays into 77V 
having intrinsic spins 1/2 and 3/2 with couplings 171 and 
(73, the corresponding decay amplitude can be written as 

= vi'+}j:M^) + yif+t53(5) . (65) 

Then, the width is equal to: 
Mr+^ =W+^gl{s) + 2W+^g^{s)g^{s) + gl{s) . (66) 

The helicity 1/2 amplitude has an operator proportional 

to the spin 1/2 operator vi^^.l^'^ . The helicity 3/2 operator 
can be constructed as a linear combination of the spin 3/2 

and 1/2 operators, orthogonal to the viii*'?^^',,: 

aK+) ^ 4^=3/2 _ 4/1=1/2 

where the sign "-" for the helicity 1/2 amplitude was in- 
troduced in accordance with the standard multipole defi- 
nition. The width defined by the helicity amplitudes can 
be calculated using ea. l|M|l . 

Mr* =p(s)W+ (^gi(s) + l53(s)) , 

+ 1 „2/ 



Mr^ = p{s) [ W^3+3 - - ) gi is) . (68) 



Taking into account the standard definition of the 77V 
width via helicity amplitudes, 



MTtot^Mr^+Mr^ = 



2mN 



TT 2J + 



-(|.4||^ + |.4||^),(69) 



we obtain 

|A*P = ^^#±^p(.).r|k|— ^ 
|^||2^a„p(,),|k'2"-2 A v'-^A'-^;„2 



2n+l 



'AT 



5i(s) + 7:53(s) , 



,_2 X (n+2)(n + l) 



mj^ 4n(2n + l) 



where x = "^Af + ^Jvo- 

In the case of resonance production, the vertex func- 
tions are usually normalized with certain form factors, e.g. 
the Blatt-Weisskopf form factors (the explicit form can be 
found in |2S|). These form factors depend on the orbital 
angular momentum and radius r and regularize the be- 
haviour of the amplitude at large energies. For the 
states the orbital momentum for both spin 1/2 and 3/2 
operators are equal to L = J— 1/2 = n. Then, rewriting 



.91 (s) 



ffl/2 



F(n,|k|2,r)' 



.93(5) 



53/2 



F(n,|k|2,r)^ 



(71) 



and, using ea. (|70|l . the ratio of helicity amplitudes given 
in is reproduced. 



5.2 The '-' states 

For the decay of a '-' state with total spin J into 7iV, the 
vertex functions have the form: 

^£:.L^„(fc^) = 4at'L(fc^)' 

vltt (k^) = xiVl (fc^).9iM • (72) 

These vertices are constructed of the spin and orbital mo- 
mentum operators with {S = 1/2, L = n + 1), {S = 3/2, 
L = n + 1) and {S = 3/2 and L ~ n — 1). As in case of 
states, the second vertex provides us the same angu- 
lar distribution as the third vertex. For the first and third 
vertices, the width factors W~j are equal to 



^ g^|kP»+^ "^^ + ^^% (.) , 
n + 1 2mN 

^ an-i{n + l) n ,2„-2 "T-jv + fejvo 
^'^ (2n-|-l)(2n-l)' ' 2mN 



p^-, = ^|kP" "^^ + ^^V (.), 



1,3 



n + 1 



2mN 



(73) 



where p{s) = p{s,miq ,m^). 

The decay amplitude is defined by the sum of two ver- 
tices as follows: 

= 31 (s) + Kl?:.^cr„ M , (74) 
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and the jN width of the state is calculated as a sum over 
possible transitions: 

Mr;^ = Vt^M 9!{s) + 2W,-3 91 (s)53 (s) + W,-, gl {s) . (75) 

The helicity 1/2 amplitude has the operator proportional 

to the spin 1/2 operator V^i^?f^'„. The helicity 3/2 operator 
can be constructed as a linear combination of the spin 3/2 

and 1/2 operators orthogonal to the Va\tM^'- 

^ Ah=l/2 _ Ah=3/2 

4ro'/'.a„ = - 53(s) , (76) 

where the factor R is given by 

1 1 n{n + 1) 



R 



2k2a„+i 2k2 (2n- l)(2n+ 1) 



(77) 



Here again, the signs for the helicity 1/2 amplitudes are 
taken to correspond to the multipole definition. The widths 
defined by the helicity amplitudes are equal to 

Mr-^=p{s){w,-, + RW,-,)gl{s) , (78) 
and therefore 

|A!p=a„+ip(s)^|k|2"(.gi(s)-i?.93(s))' , 

I 2 (w+l)(n + 2) TTX |,,|2»-4 2, ^ /7Q^ 

with X = mjv + k^Q. 

The vertices with couplings gi{s) and 33(5) are formed 
by different orbital momenta. For the state with total spin 
J (n = J— 1/2), the orbital momentum is equal to L = n+l 
for the first decay {s — 1/2) and L = n—1 for the second 
one (s = 3/2). Using the Blatt-Weisskopf form factors for 
the normalization, we obtain 



.91/2 



i^(n + l,|k|2,r)^ 



93[s) 



93/2 



i^(n-l,|k|2,r) 



.(80) 



5.3 Single meson photoproduction 

General structure of the single-meson photoproduction 
amplitude in c.m.s. of the reaction is given by 



Jf_,=iTiafA- ^2{cr(l) 



Efj^jO^ (ok) (gq) 

k q k q q2 



(81) 



where q is the momentum of the nucleon in the t:N chan- 
nel and k the momentum of the nucleon in the 7iV channel 



calculated in the c.m.s. of the reaction. The at are Pauli 
matrices. 

The functions J-i have the following angular depen- 
dence: 

T^{z) = £ [(i + l)Af+ + LMl\P'^{z) , 

00 

J'3{z) ^Y.{El- M+]P'l+,{z) + [El + Ml]P'U{z) , 

00 

•^4 (^) - E Wt -E+- -El]P'l{z). (82) 

L=2 

Here L corresponds to the orbital angular momentum in 
the TriV system, Pl{z), P'l{z), P'liz) are Legendre poly- 
nomials and thier derivatives, z = (kq)/(|k||q|), and Ef^ 
and Af^ are electric and magnetic multipoles describing 
transitions to states with J = L ± 1/2. 

The single-meson production amplitude via the inter- 
mediate resonance with J = n-|-l/2 (we take pion photo- 
production as an example) has the general form: 

A'^ =g.N{s)u{qN)Nt,,„o.^{q^)x 

M2 ''^Him./ /^"S:(fe")"(fcA-)g^(^)^M ■ (83) 

Here, qn and /cat are the momenta of the nucleon in the 
ttN and jN channel and and k'^ are the components 
of relative momenta which are orthogonal to the total mo- 
mentum of the resonance. The index i lists the 7iV vertices 
given in (17^ . 

The multipole decomposition of the amplitude is given 
in detail in (36) . Below we give the final expressions for 

E^ = E^^^'' + £;^^^^ A/f = M^^^^ -1^ M^'^^ . 
For the states (where L — n): 

_ ^/X^OLL 5^Ar(s)(|k||q|)^5i(s) 



(84) 



M 



(2L + 1)(L + 1) AP-s-iMFtot ' 

yxIX/QL g^Ar(s)(|k||q|)^g3(s) 
(2L + 1)(L + 1) M^-s-iMFtot ' 



L 



(85) 



Remember that Xi =TOAr-|-gAro and x/ = '^Af+^Afo- For the 
'-' states, where L = n+1, the corresponding equations are 



E] 



-a) 



E7^-' = 



(L-l)L 



QL .g^Af(|k||q|)^gi(s) 
L2 M^-s~ iMPtot 



^/XiXS 



g.^|k|^-2|q|^g3(g) 
Af2 - s - iMPtot 



Af^^^^ = 



(86) 
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These formulae are different from the correspondent ex- 
pressions given in 'SB!; by the factor (—1)" which enters 
now in the resonance propagator. All other formulae given 
in jiffil for the single meson photoproduction are not changed 
due to this redefinition. 



Here we denote the mass and the total width of the inter- 
mediate state as Alfi and -Tj^j, respectively, and its prop- 
agator as fpl'"!^^ (see fig|21)- The g(si2) is the coupling of 



6 Three-body partial widths of the baryon 
resonances 

6.1 Three-body final states 

The total width of the state is calculated by averaging over 
polarizations of the resonance and summing over polar- 
izations of the final-state particles. For the three-particle 
final state, the amplitude squared depends on three in- 
variants, total momentum squared and two intermediate 
momenta squared Sij = {qi -t- qjY ■ After performing the 
integration over other variables we obtain 



d^3(P, 91,52,93) = 



1 



32s(27r)3 



dsi2ds23 ■ (87) 



The integration limits for S12 are (mi -f 7712)^ and (y^ — 
7713)^. For given value of S12, the limitsfor S23 are defined 
as follows: 



4-(i?2 + i?3)' 



Si2 — m\ -1-7712 



^3 



S-Sl2-TOg 



The three body phase space can also be written as a prod- 
uct of the two two-body phase spaces, e.g. the phase space 
of particles 1,2 and the phase space of the (1,2) system and 
the third particle: 



(27r)4 
2 

(27r)4 



d<P{P,qi,q2,q3) = 
d^{P,qi+q2,q3) 



d<P{qi+q2,qi,q2) x 



ds 



12 



(89) 



This expression is very useful for the cascade decays when 
a resonance is accompanied by a 'spectator' particle and 
then decays into two particles. Let us write the explicit 
form of the expression Q®Q for the width of baryon with 
spin J [n = J— 1/2) which decays into a nucleon with 
momentum q^ — qN and a meson resonance which decays 
subsequently into two mesons with momenta qi and 92 (we 
denote them as tt and 77) . If the spin of the intermediate 
resonance is J12 ( J12 — m), its decay into two pseudoscalar 
mesons is described by the orbital momentum X^™', and 
therefore 



pai...a„™W+g7V 



p: 



2mN 



R 



Mf^ - S12 - iMRF, 

9{si2)ft± 
M|-si2 + zAf«r,^/"-"" 



(90) 




\Xb...P„ 



Fig. 2. Resonance decay into nucleon and two meson states 

the intermediate resonance to the final-state mesons; the 
operator P describes the decay of the initial state into res- 
onance R and spectator nucleon. The operator P differs 
from the operator P by the permutation of 7-matrices. 
The qi2 is the relative momentum of the mesons: 



S12 



k = qi + q2 



9i2m= 2(^1^92)^.9^^ • (91) 
Using basic equation (|ll|l for the width 

gMXp,...p^{qi2)x^,...UQi2)9{si2)ft::t ' (92) 

we obtain the final expression for the width of the initial 
resonance 

P^WZ MP^ F^i::^: I ^i^df (F, fc, 93) X 



TT 



9 



fii-ir^MRP^ 



In the limit of zero width of the intermediate state we 
have 



ds 



12 



dsi2S{Ml-Si2){M) 



TT (A4-.i2)2-f(M«r«)2 



and equation (|93() is reduced to the two-body equation 
multiplied by the branching ratio of the decay of the in- 
termediate state, i?r^,, — P^j^/P^f.. 

Let us note that provided a resonance has many decay 
modes (or the mode can be in different kinematical chan- 
nels) , the decay amplitude can be written as a vector with 
components corresponding to these decay modes. In this 
case, ea. (|93|l gives us diagonal transition elements only. To 
obtain nondiagonal elements between different kinemati- 
cal channels, it is necessary to use general expression for 
the phase volume (|87|l . 
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6.3 Vector-meson-AT partial widths of baryon 
resonances 



N(q3) 




N(q3) 




The decay vertex of the vector particle into two pseu- 
doscalar particles is defined by the operator X^^-*, and the 
width is equal to 



|q^l 



-/9(si2,mi,TO2) , 



(s12-(toi+TO2)^) (si2-(mi-TO2)^) 



4si 



(100) 



Fig. 3. 7rA'^*(7rZi) and foN loop diagrams 



6.2 foN partial widths of the baryon resonances 

Let us start with the calculation of the JqN loop diagram 
where /o denotes a scalar resonance which decays into two 
pseudoscalar mesons with momenta qi and q2 (see fig-ISJ. 
The width of the scalar state is defined by 



(95) 



Here, ^tttt is the coupling of the resonance into two pseu- 
doscalar mesons. For the simplicity sake, we denote them 
as pions but use different masses mi and m2. Thus, the 
final expressions can be directly used for the decay of any 
scalar state into two pseudoscalar particles. 

The decay of the baryon state into scalar meson and 
nucleon is described by the same vertices as the decay 
of a baryon into ttN. The only difference is that due to 
the positive parity of the scalar meson, the decay of '+' 
baryons will be defined by N~_^ operators and decay 
of the '-' baryons by the -/V^^...^^ operators: 



(+) 



N 
I 



fJ.l...tin 



(96) 



Thus, we can use the results given in eqs. (|55I5()|) to obtain 



(mi+m2)^ 



dsi2 pjs, y/sT^, mN)W'^MRr^^ 

[Ml-sYHMHr,^otY 



(97) 



where 



and 



s + mj^ - si2 
2^ 



\cIn\^ ^ q%o-m% . (99) 



Here, g^nr is the coupling of the vector meson into two 
pseudoscalar mesons with masses mi and m2- 

The decay of the baryon into vector meson and nucleon 
is described by the same vertices as the decay of baryons 
into 77V. In this case, all three vertices are independent 
and the width is formed by all possible transitions between 
vertices: 



(v^-mjv)^ 



R 

TTTT 



7T {Aq-sy + iMRrfJ^ 

(mi+m2)^ 
3 



(101) 



where we assume that couplings can be complex magni- 
tudes and the W^^ functions are defined as follows: 



rpai...a.n 



Sl2 



2mN 

) v}Bif;;i::2 . (102) 



The vertex functions V^^^' are given by eqs. (|61I72|I and 

k = qi+ q2. 

For the states the W functions are given by 



Wi\ 
Wis 



2n + l 
an 



|q^|2„-^ + 9A™(3^ 



n+1 S12 2mN 

an , ,2n'^N + qNa 



2n + l 

an+l|q7V 



(2- 



\^n\' 

312 



IqA^I 



2,2 



n + l 



2mN " S12 
mN+qm ^ 2n+3 
n + 2 



2mN 



■(■ 



Sl2 



2n-|-l S12 

|2n 



2mN 

QKlqivP" mN+qm _^ ?^|qjv| 



2mN 



(2n + l)si2' 



(103) 



and the '-' states by 



^1,1 = — TT q^ — o 

n+l 2mN 



S12 
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\q.N?''"^^ mN + qm ( , \ 
^1,2 = — T-l o^__ (a„+i+a„— ) , 



n + l 2tojv ' 
n+l si2 2tojv ' 



9 = — — [an+1 + Oln— j , 



2,3 



2n+l 2mN 
an^i IqjVp"'^^ rriM + qNO 
2n + l Si2 2mN 



Sl2 



The gATo and |qAr| are defined by eq. (|^ . 

6.4 The ttPii and ttSu partial widths of baryon 
resonances 

Let us calculate the partial width of the baryon resonance 
decaying into pseudoscalar meson and Pn state (e.g. the 
Roper resonance) which in turn decays into pseudoscalar 
meson and nucleon with the momenta q2 and qj, = q^ (see 
figOJ. The partial width of the Pu state is defined by the 
equation H56|l at n = 0. Therefore, 



(v^-mi)^ 



(m2+ni3)^ 



n (M2-S23)2 + (M«P,«)2 



(105) 



where 



qNo 



2 rriN + qNO 
2to7v 
S23 + mjf ~ m,l 



P(s23,"l2,TOAr)5^Ar(s23) , 



, Iqwl^ = qlio^^N . (106) 



2^/s23 

and are defined by eqs. H55I56|) . The mass and momen- 
tum of the nucleon should be substituted by the running 
mass yi^S23 and momentum of the Pu state k: 



6.5 The 7r/l(3/2+) partial widths of the baryon 
resonances 

The baryon partial width into Att, where the A resonance 
is produced in the channel (23) , can be written as follows: 



MP^" 



ds23 p(s, mN)W^Mjir^j^ 

(Ml-523)2 + (M«P«)2 



(111) 



The partial width of the | state is defined by ea. (|55|l 
with n=l: 

|2 



qNo 



Iqjvl mN + qNO 



2m 



S23 



N 



mj^i — 1712 



P{s23,m2,m3)g^ff{s23) , 



<iN\^ = q%Q-m% . (112) 



2^23 

The decay of baryons with the total spin J > 3/2 
into pseudoscalar meson and baryon with spin 3/2 has 
two vertices which are defined by different combinations of 
spins in the intermediate state and the orbital momentum 
between this state and a spectator particle. The decay of 
'+' states is now described by the follows operators 

^Qi...Q„^M ' /5 li'^fj,vai...a„^ti ' 



71 




W+ 

w- 



|2« «0 



2n + 1 



-9 is) 



2^ 

^n+l |i,|2n+2 ^0 + \/S23 ^2 



2^/i^ 



9\s), (107) 



with 



ko 



S23 - mi 



2^s 



ko - S23 . 



(108) 



The partial width of the Sn state into vrA^ is defined by 
eq. (155(1 with n ~ 0: 



mN + qm 
2mN 



p{s23,m2,mN)glM{s23) ■ (109) 



The baryon decay into TrSn differs from the decay into 
ttPh by P~parity and can be calculated by substituting 
operators by operators. Thus, 



W+ = ^|k|2n+2 fe0 + Vg^ g2(^) 



n+l 
2n+V 



|2n ^0 



2\/i23 



S23 2/ ^ 



(110) 



by 



Fig. 4. Index definition in the iiA loop diagram 



The operators for the decay of the '-' states are given 



CH...Q,, M ^^fj.ai...an fJ- ' 



(114) 

The functions are defined by the squared sum of the 
decay amplitudes 



(115) 



where W^j are defined as follows (see fig^for the index 
definition): 



% ~± 1 Vs23+k ^(i±),, put. .Mr, 

^ ' 2^323 "^-"^ l^^-l^^ 



(116) 
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Here, k ^ q2 + qs, and the metric tensor orthogonal to the 
momentum of A is equal to 



9irj - 9iv - 



S23 



7m =7^5m..' 



(117) 



It is useful to extract from the numerator of the A prop- 
agator the nonorthogonal part 



Then, the equation for W^, can be rewritten as follows: 



(118) 



(i± 

S + S23 - "ll 



.(2±) 



2^s 



3S23 ' 

|kp = fc^-S23, (119) 



where z\^^ is defined as a contribution from H118() . and 
the rest is the difference between a full expression and 
eq. (|118|l . The second part should be proportional to the 
momentum of A which we extracted in explicit form. In 
the decay of the baryon with the mass not far from the 
Att threshold the contribution of this part should be much 
smaller than the contribution of the nonorthogonal part. 

After some cumbersome calculations (an example is 
given in Appendix), we obtain for the '+' states 

7(1 + ) ^ 11 |2(n+2) «»+2 Vg23 + fcp 

1,1 II I 1 O J ' 

n + 1 2^/s23 



7(2+) 



7(1+) 
^2,2 



(2+) 
2,2 

(1 + ) 
1,2 

(2+) 
1.2 



|. |2(n+2) Vf23j-^ 

' ' n+l Viii ' 

2nQ!n(2« + 3) ^/S^+ ko 



3n(2n+l) 2^/^ 

■I ko 



2n + l a/s23 



0, 



' ' 2n + l 



/S23 



(120) 



and for the '-' states 



^1,1 



(2- 



z. 



■^1,2 

7(2- 
^1,2 



H^|2(«+i) a»+i(» + 2) yi^+fco 
' ' 3(n + l)(2n+l) 2^ 



|2(ri+l) 



fs^ + kQ{n + l) 



2n+l 

|k|2("-l) 



^/S23{n+l) 
/S23 + fco 



2n - 1 2^5^ 



= 



|2n 



(271- l)(2n+ 1) 
's^+ fco 



/S23 



2n+ 1 



/S23 



2(n+l) 



(121) 



6.6 The 7r3/2 partial widths of baryon resonances 

In the same way, one can calculate partial widths for the 
resonance decay into 7r3/2~ states (ttDis or ttZ^ss). The 
partial width of the | state (which belongs to the '-' 
states) is defined by eq. (|56|l with n=l: 

MrF^N = ^ P(S23, TO2, m3)g^A,(s23) (122) 



2m N 



The decay of the initial-state baryon into 7r3/2 differs 
from the 773/2"*" decay by the P-parity requiring the sub- 
stitution of by W^: 



W+ (7:5/2-) ^W-^iTT 3/2+) , 
W,- (^3/2-) = W,+ (7r3/2+). 

6.7 Singularities in the cascade decay 



(123) 



The one of the most important point in the partial wave 
analysis is to define the position of amplitude singular- 
ities in the complex plane of the energy squared. Reso- 
nances correspond to pole singularities of the transition 
amplitude, while the production of the two or more parti- 
cles corresponds to threshold singularities. Every thresh- 
old singularity creates two sheets in the complex plane s. 
In case of the two particle amplitude, these sheets may 
be reached by different paths: either directly down to the 
complex plane or around threshold singularity. For the res- 
onance cascade decay into three particles, the structure is 
more complicated, and different sheets may be reached by 
the choice of the integral path in the analytical expressions 
for the resonance partial widths given above. 

Consider as an example the structure of the singulari- 
ties in the decay of a resonance into the 7rZ\(1232) channel. 
The imaginary part of the Breit-Wigner pole is defined by 
the discontinuity of the diagram shown in Fig. |21 



91a 



i9lAP3{s) 



(124) 



If the intermediate resonance decays into particles 2 and 
3 (with momenta fc2 and fcs, S23 = (^2 + ^3)^)1 the three- 
body phase volume P3{s) is defined as follows: 



Psis) = 



ds 



23 



(m2+lTl3)^ 



Iis,S23) 



/s^,mi) MRr/^t 



^^'^'''^ (M^-.23)2 + (M«r«)2 ' 

M^r/^^t = P(s23,m2,m3)5'(s23) , (125) 

where the p- functions are given by eqs. I|14I15|I . 

The function ^3(5) has two threshold singularities in 
the complex plane of total energy squared s. The first 
threshold singularity originates at the squared sum of the 
final-state particle masses, at 



{nil +m2 + ma)^ 



(126) 
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and physically it corresponds to the possibility of the sys- 
tem to decay into three particles (three-particle singular- 
ity in the amplitude). Another square root singularity is 
located in the complex plane and starts at: 



^cut — ^cut 



I bcut = ( V^fl - iMR^^t + mi) 



(127) 



It corresponds to the decay of the system into a particle 
with mass mi and resonance with complex mass — 
(usually we assume « Mr). 



(N 0.2 
> 
<D 

a 



in 



E -0.2 



1.4 1.6 1.8 2 2.2 2.4 



Re s, GeV-^ 




Re s,,, GeV 



Fig. 5. The structure of threshold singularities in the s and 
S23 complex planes for the -kA channel. 



If the width of the intermediate state (Z\) tends to zero 
^utt ~^ 0, the intermediate resonance turns into a stable 
particle, and the contribution from the three-particle cut 
disappears. For the energy region above the three-particle 
threshold but below the two-particle one, 



(mi + m2 + ma)^ < s < {Mr -|- mi)^ 



(128) 



the integrand /(s, S23) does not reach the singular point 
at S23 — M^, and it is proportional to F^^. In the energy 
region above the two-particle threshold, the contribution 
of J(s, S23) is proportional to the (5-function (see ((HU). In 
the complex plane s, the two-body cut moves towards the 
real axis and finally becomes the only threshold singular- 
ity. 

The influence of a pole on point of the physical re- 
gion is defined by the distance between the pole position 
and this point. The path used for the calculation of this 
distance should not cross any cut. Therefore, if the pole 
is located on the sheet closest to the physical region, the 
minimal distance is defined by the imaginary part of the 
pole position. If the pole is located on another sheet, the 
minimal distance to the physical region can be estimated 
as a sum of distances (i) between pole position and the 
beginning of the cut and {it) between the beginning of the 
cut and real axis. Thus, if the pole is located far from the 
cut, only its position on the sheet closest to the physical 
region is important. However, if the real part of the pole 
position is close to a^ut, see H127|l . the position on both 
sheets can be important to explain the behaviour of the 
amplitude. For example, in the decay of a resonance into 



Z\(1232)7r channel, the threshold singularity in the com- 
plex plane starts at s ~ (1370 - i60)^ MeV^ (see Fig.EJ. 
This is very close to the position of the Roper resonance. 
Such a situation should be handled with care. 

Let us formulate some rules which can be used to reach 
a desirable sheet in the complex s plane. The sum of inte- 
grals taken between the points 1,2,3,4 reaches the sheet I, 
which is the closest one to the physical region below acut 
(at Res < acut)- 



(y^-mi)- (Vs2-mi) (v^-™!) (\/s4-™i) 



P3(s)= 



(m2+)n3)^ (^/sT-mi)^ (^/s^—mi)'^ (\/s3-™i) 

dS2d. 



/(S,S23). (129) 

71 

The sum of integrals taken between points 1', 2', 3', 4' reaches 
the sheet II which is the closest one to the physical re- 
gion above a^ut (at Re s > acut)- In the S23 complex 
plane, the different sheets are reached when the pole at 
M|. — iMnF^f is located on different sides of the inte- 
gration path (see, for example, the paths (A) and (B) 
shown on the right panel of Fig. 0). The contour inte- 
gral which can be constructed from such two paths is 
equal to the residue of the pole which is proportional to 
p{s, Mr — F^f/2, nil). This residue provides us the differ- 
ence of the psis) function defined on the two sheets. The 
sheet closest to the physical region can be reached by the 
integration performed first over the real axis and then by 
integrating over the imaginary axis in the S23 plane. Such 
an integration path is close to that given by paths 1, 2 
and 1', 2' in the s-plane and is much more convenient for 
practical use: 



Psis) 



(v^-mi)^ 
I[S,S2-i) + / ^(S,S23) 



(m2+™.3)^ 

s^^^i = i?e(^/i-ml)2. 



(130) 



When P3(s) is calculated with this integral path, the func- 
tion Res has, at fixed Ims, the discontinuity at Res — 
acut if —Im s > bcut- This is demonstrated in Fig. where 
the real (left-hand panel) and imaginary (right-hand panel) 
parts of psi-s) are plotted as function of Res at fixed 
values of Imsn where n = 0,30, ImSn — --20MeV^n. 
On the physical axis {n = 0), the real part of P3{s) is 
very small up to acut and the imaginary part vanishes. 
At —ImSn < bcut, PsiR^ s) is a smooth function while 
at —Im Sn > bcut the function has a discontinuity at 
Re s = acut being defined on different sheets. We plot real 
and imaginary parts of psi^Re s) for every n with shifting 
the curves down by the same value 20 MeV^. It is seen 
that when — /ms„ reaches bcut, the functions have a well 
seen discontinuity. 

7 Conclusion 

In this paper we present further development of the spin- 
momentum operator expansion approach suggested ini- 
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Fig. 6. The real (left-hand panel) and imaginary (right-hand 
panel) part of the P3(s) as a function of Re s at fixed Im s„ = 
-20nMeV^ n = 1,30. For every n the curves are shifted down 
by the same step 20 MeV^. 



tially in 36 ■ Explicit expressions for cross sections and 
resonance partial widths are given for a large number of 
the pion-induced and photoproduction reactions with two 
or three particles in the final state. The formulae are given 
explicitly as they are used by the Crystal Barrel at ELSA 
collaboration in the analysis of single and double meson 
photoproduction. 
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Appendix 

The operator X^l^^^.^fj,^ can be written as a series of prod- 
ucts of metric tensors and relative momentum vectors. 
The first term is proportional to the production of rel- 
ative momentum vectors fc^, other terms correspond to 
the substitution of two vectors by a metric tensor with 
corresponding indices, and the coefficients are defined to 
satisfy the properties of the operator (|29|l : 



k, , k , , k , , k , , 

y fii fi2 ^3 



2n+l 



(2n + l)(2n-l) 



(131) 



Taking into account the tracelessness and orthogonality of 
the fermion propagator (|50|l to 7^ one obtains: 

-f^ai...Q„ 7i'^i/Qi...Q„ — -f^Qi...Q„ (y-n+l i^ax ■ ■ ■ '^a^ ■K^'^'^) 

Therefore, for the TriV widths of the '-' states: 

.(n+l) ±-.kN+mN 



t;iQi...q„ [ dfi . ^(n+1) .,J 



2171 N 



l.± p/3i.../3„ _ _ ptti...Q„ 



■ Hi 



al 2m« Att ^ /3i.../3„V ; 



p/3l.../3„ ^ pai...a„ «"+l fcoW+WiV , , 



2n+2 



(133) 



Here we used property H50(l as well as the fact that integral 
over even numbers of k-^ vectors is equal to zero. 

The convolution of two gamma matrices with orbital 
operator is equal to zero due to tracelessness and symme- 
try properties: 



1 7m. Xj^f. .p„ - 5m 1 '^Mi 4?^,. = • ( 134) 



7m 



Here, the second term is equal to zero being the product 
of the antisymmetrical and symmetrical tensors. 
Other useful expressions are as follows: 

^Ml---Mn 7i'^i,/3Qi...a„V'^ )~ 



T^ai...ar. 
-^Ml-.-Mn 



kl 



2n-f 3 



an+2 [ k kp k^^ 



7/3' 



(135) 



^ Ml---Mn 



^(n+1) ^(n+1) /, i\ pMi---M;, 

^^/3^i...^„(fc ) ^,3',.;...z.:(fc 91313' 



^Mi...M„ |K- 



2n+2 



Ml---Mn 



-X 



(137) 



Q!rt+1 

2n-h 1 



^(n-l-l) 



(136) 



kf} k 



_ pMi-.-M^ 1. |2n+4 
-^Ml...M„ |k| 2„-f 1' 



■ i=l 



i<3 



KlrZ 9c.,p,0;1-$:FPI:± = (-l)"F,^-.:;j:; .(138) 



A.V. Anisovich, A.V. Sarantsev: Partial decay widths of baryons in the spin-momentum operator... 15 



References 

1. C. Amsler et al. [Crystal Barrel Collaboration], Phys. Lett. 
B 322 (1994) 431. 

2. V. V. Anisovich et al. [Crystal Ball Collaboration], Phys. 
Lett. B 323 (1994) 233. 

3. C. Amsler et al. [Crystal Barrel Collaboration], Phys. Lett. 
B 333 (1994) 277. 

4. C. Amsler et al. [Crystal Barrel Collaboration], Phys. Lett. 
B 340 (1994) 259. 

5. C. Amsler et al. [Crystal Barrel Collaboration], Phys. Lett. 
B 355 (1995) 425. 

6. C. Amsler et al, Phys. Lett. B 342 (1995) 433. 

7. C. Amsler et al. [Crystal Barrel Collaboration], Phys. Lett. 
B 353 (1995) 571. 

8. A. V. Anisovich et al, Phys. Lett. B 491 (2000) 47. 

9. A. V. Anisovich et al, Phys. Lett. B 517 (2001) 261. 

10. A. V. Anisovich et al, Phys. Lett. B 542 (2002) 8. 

11. A. V. Anisovich et al, Phys. Lett. B 542 (2002) 19. 

12. S. Godfrey and N. Isgur, Phys. Rev. D 32 (1985) 189. 

13. R. Ricken, M. KoU, D. Merten, B. C. Metsch 
and H. R. Petry Eur. Phys. J. A 9, 221 (2000) 
'arXiv:hep-ph/0008221 . 

14. N. Isgur, 7th International Conference on the Structure of 
Baryons, (B.F. Gibson et al. eds.), Santa Fe, New Mexico, 
3-7 Oct 1995, World Scientific, Singapore, 1996. 

15. S. Capstick and N. Isgur, Phys. Rev. D 34 (1986) 2809. 
S. Capstick and W. Roberts, Prog. Part. Nucl. Phys. 45 
(2000) S241. 

16. U. Loring, B. C. Metsch and H. R. Petry, Eur. Phys. J. A 
10 (2001) 447 arXiv:hep-ph/0103290 . 

17. D. Diakonov, V. Petrov and M. V. Polyakov, Z. Phys. A 
359 (1997) 305 arXiv:hep-ph/9703373 . 

18. P. Bicudo and G. M. Marques, Phys. Rev. D 69 (2004) 
011503 arXiv:hep-ph/0308073 . 

19. D. Jido, J. A. Oiler, E. Oset, A. Ramos and U. G. Meissner, 
Nucl. Phys. A 725 (2003) 181 arXiv:nucl-th/0303062 . 

20. V. V. Anisovich, S.M. Gerasyuta and A. V. Sarantsev, Int. 
J. Mod. Phys. A 6 (1991) 625. 

21. E. Klempt, Phys. Rev. C 66 (2002) 058201 
arXiv:hep-ex/0206012 . 

22. V. V. Anisovich, M.N. Kobrinsky, J.Nyiri, Yu.M. Shabel- 
ski. " Quark model and high energy collisions" , second edi- 
tion, World Scientific, Singapure, 2004. 

23. A. V. Anisovich, V. V. Anisovich and A. V. Sarantsev, 
Phys. Rev. D 62 (2000) 051502 arXiv:hep-ph/0003113 . 

24. O. Bartholomy et al, Phys. Rev. Lett. 94 (2005) 012003. 

25. V. Crede et al, Phys. Rev. Lett. 94 (2005) 012004. 

26. B. Krusche et al, Phys. Rev. Lett. 74 (1995) 3736. 

27. R. Beck et al, Phys. Rev. Lett. 78 (1997) 606. 

28. O. Bartalini et al. [Graal collaboration], submitted Eur. 
Phys. J. A. 

29. D. Rebreyend et a/.,Nucl. Phys. A 663 (2000) 436. 

30. J. Ajaka et al, Phys. Rev. Lett. 81 (1998) 1797. 

31. K. H. Glander et al, Eur. Phys. J. A 19 (2004) 251. 

32. R. Lawall et al, Eur. Phys. J. A 24 (2005) 275. 

33. J. W. C. McNabb et al, Phys. Rev. C 69 (2004) 042201. 

34. B. Carnahan, "Strangeness photoproduction in the 7p — > 
K''E+ reaction", UML31-09682 (microfiche), Ph.D. thesis 
(2003) at the Catholic University of America, Washington, 
D.C. 

35. R. G. T. Zegers et al, Phys. Rev. Lett. 91 (2003) 092001. 



36. A. Anisovich, E. Klempt, A. Sarantsev and U. Thoma, 
Eur. Phys. J. A 24 (2005) 111. 

37. A. V. Anisovich, A. Sarantsev, O. Bartholomy, E. Klempt, 
V. A. Nikonov and U. Thoma, Eur. Phys. J. A 25, 427 
(2005) arXiv:hep-ex/0506010 . 

38. A. V. Sarantsev, V. A. Nikonov, A. V. Anisovich, 
E. Klempt and U. Thoma, Eur. Phys. J. A 25, 441 (2005) 
arXiv:hep-ex/0506011 . 

39. A. V. Anisovich, V. V. Anisovich, V. N. Markov, 
M. A. Matveev and A. V. S arantsev, J. Phys. G 28 (2002) 
15 |arXiv:hep-ph/0105330| . 



